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This thesis is an extension of the work of T. F. Lehnhoff 
which used the method suggested by Goodier to develop the 
Reissner-Goodier small displacement theory for plates sub-
jected to lateral loading. The purpose of this work is to 
develop a more complete Reissner-Goodier small displacement 
theory for plates under general loadings, both lateral and 
thermal, and to provide a solution to the six governing 
coupled partial differential equations by using a process 
similar to that of Lehnhoff. Any loading, lateral and/or 
thermal, that satisfies the Dirichlet conditions of Fourier 
analysis and virtually any boundary conditions may be handled. 
Most problems that can be solved by classical theory of plates 
are also solvable by this theory. 
An example problem of a solid circular plate with the 
outer edge clamped subjected to thermal loading only is solved 
to show the application of this theory. Numerical results 
are displayed in a series of nondimensional curves. These 
curves are compared to those solved by the classical theory 
of plates presented in the paper of Forray and Newman. The 
comparison indicates that the importance of the effects of 
transverse shear increases when the plate thickness increases. 
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I. INTRODUCTION 
Plate-type components are commonly used in modern in-
dustry. The study and analysis of the forces, moments and 
deflections of such components are very important. Early in 
the nineteenth century a classical theory of plates was devel-
oped by Kirchhoff using the following basic assumptions of 
thin plates: (see Timoshenko and Woinowsky-Krieger [6]*, 
p. 1) • 
1. There is no deformation in the middle plane of the 
plate. This plane remains neutral during bending. 
2. Points lying initially on a normal-to-the-middle 
plane of the plate remain on the normal-to-the-middle surface 
of the plate after bending. 
3. The normal stresses in the direction transverse to 
the plane can be disregarded. 
The classical theory, using these assumptions, is usually 
quite satisfactory in many engineering applications for thin 
plates with small deflections. However, in many cases (for 
example, in the case of holes in the plate or when plates have 
intermediate thickness) the second assumption, which disregards 
the effect of shear forces on the deflection of the plate, is 
no longer consistent and the effect of the shear becomes very 
important. Thus, corrections to the classical theory of thin 
plate should be introduced. Throughout the extensive amount 
of modern literature the method of correction proposed by 
*Number in the bracket refers to reference number in the 
bibliography. 
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E. Reissner in 1944 has become the standard to which all the 
other theories are compared. 
Using a method suggested by Goodier, Lehnhoff [1] in 
1968 utilized the Reissner-Goodier theory of plates with small 
deflections to solve problems of circular plates with lateral 
loads including the effects of shear deformations. The present 
investigation is an extension of that work. The author uses 
a similar process in handling plate problems in which both 
lateral and thermal loading are present. 
It is first assumed that the radial stress 0 , the tan-
r 
gential stress 0e and the associated shear stress Tre are 
linear functions of the z-coordinate. From this assumption, 
the stresses can be calculated by using the definitions of 
the radial moment Mr' the tangential moment Me and the 
twisting moment Mre· The remaining stresses 0 , T and Tez z rz 
can then be determined by using the equilibrium equations in 
cylindrical coordinates and the boundary conditions. The 
result is that 0 is cubic and T and Te are parabolic in 
z rz z 
z-coordinate [6]. 
Upon using these stresses together with the stress-strain, 
strain-displacement and curvature-displacement relations a 
set of three partial differential equations in the four 
unknowns (w, M ' r is obtained. These equations, 
coupled with the three plate equilibrium equations, form the 
six governing equations for this improved small displacement 
theory of circular plates. These constitute a set of six 
simultaneous equations in the unknowns w, Mr, Me, Mre' Qr 
3 
The solution of these equations can be applied to 
virtually every problem of axially symmetric plates subjected 
to lateral and/or thermal loading. The result obtained by 
this improved theory eliminates some inconsistencies present 
in the classical theory. 
The solution of the example problem shows the application 
of the improved solution to thermal stress problems in cir-
cular plates. 
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II. REVIEW OF LITERATURE 
Since the assumption which neglects the effects of shear 
deformations in the classical theory is inconsistent in many 
cases, many modern authors [5-11] have agreed that the con-
sideration of shear deformations could lead to a more con-
sistent theory and, as a result, calculation of the stresses 
could be significantly improved. They also have agreed that 
at a free edge the three Poisson boundary conditions (M = r 
Qr = Mre = 0) should be used instead of the boundary con-
ditions in the classical 
aMre 
(Mr = O, V = Qr + rae = 
theory proposed by Kirchhoff 
0) . It is pointed out by Langhaar 
[11] that the discrepancy in the boundary conditions between 
the classical theory and the theory which takes into consid-
eration the effects of shear deformations and the importance 
of deformations due to transverse shear stresses increase 
when the plate thickness increases. 
In recent years, due to the demand of modern technology, 
considerable effort has been made in the study of new theories 
[12-18]. Among these, E. Reissner's work [12-14] is one of 
the earliest and most successful [15-22]. Using Castigliano's 
theorem of least work combined with the Lagrangian multiplier 
method of the calculus of variations, Reissner, in 1944, 
developed his theory, which took into account the effects of 
shear deformations and used three boundary conditions. His 
theory is applicable to small displacement studies of plates 
with moderate thickness. 
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In 1946, Goodier [19] used a different method and devel-
oped a set of equations which are slightly different from 
those of Reissner. His method is straightforward and requires 
no additional assumptions about the variation of displace-
ments through the thickness of the plate as does Reissner's 
method. 
There have been several methods suggested for improving 
the classical theory of plates since that of Reissner and 
Goodier. Some of these used power series [7,8], some used 
trigonometric functions [15], and some used series of Legendre 
polynomials [16,17] to express the variation of stress through 
the thickness of the plate. 
In 1968 Lehnhoff [1] used the method suggested by Goodier, 
and developed six governing, coupled, partial differential 
equations which are slightly different from those which 
Reissner obtained using the method of calculus of variations. 
These equations, together with their solutions, were referred 
to as the Reissner-Goodier theory of plates. He developed 
this theory for plates for externally applied lateral loadings, 
and provided several example problems to show the application 
of the theory. The solutions of these example problems solved 
by the Reissner-Goodier theory were compared to those from 
the classical theory. 
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III. DEVELOPMENT OF THE THEORY 
3.1 Introduction 
The derivation of the improved theory of plates was 
described by Goodier in rectangular coordinates, and by 
Lehnhoff in polar coordinates. The work in this chapter 
serves as background and review for the extension to a 
thermal stress study. 
3.2 Basic Equations 
The force resultants are 
Qr = J T dz rz 
Oe = J Tez dz 
M = J zcr dz r r ( 1) 
Me = J zcredz 
M = J zTredz = Mer re 
Neglecting body forces, the stress equilibrium equations in 
cylindrical coordinates are: 
C1T cr -cr 
--=_r_z_ + r e = 0 
az r 
dT re 1 acre aT ez 2T re + = 0 ( 2) + as + az ar r r 
dT 





rz 0 az = ar r ae r 
The first two of Equations ( 2) are multiplied by z, then 
integrated over the thickness of the plate, while the third 
7 
is directly integrated through the thickness, yielding the 
plate equilibrium equations: 
The 
d aM re 
a-<rM ) + ae - Me - rQ = r r r 
d a Me 
ar (rMre) + ae- + M - rQe = re 
strain-displacement relations 




Ee = ~ r r 
E = w z z 
we 
+ v Yez = r z 
Yzr = w + u r z 
Yre = r 
v 
r 




Subscripts on displacements denote partial differentiations. 
The curvature-displacement relations are: 





re we K = -- - 2 re r 
r 
The stress-strain-temperature relations are: 
1 
E = -(a - vae - va ) + kt.6T r E r z 
1 
se = E<ae va - va ) + kt.6T r z 
1 









Yez = G 
3.3 Derivation of The Reissner-Goodier Theory 
The boundary conditions 
ing normal to one face z = -
at z = h/2, a = - q(r,e) at z 
on either face. The stresses 







are taken such that only load-
h/2 is applied, i.e. , a = 0 z 
z = - h/2 and T = Tez = 0 rz 
1n terms of the force result-
3q (~ 2z 3 0 = + ~) z 4 3 h 3h 3 
12M 
r8 T = z r8 h3 
3Q 2 
r (1 ~) T = -rz 2h h2 
3Q8 2 
Tez = 2h (1 - ~) h2 
Substituting equations (4) into (5) gives 
Clyzr ClE 
K r = r Clr 82 
Ke 
8Yez C'lE 8 
+ 
yrz 
= rae - 82 --r 
--r 
Combining equations (6) and (7) we obtain 
12M 
EE = vq + ( r 
r 2 h3 
12M 8 EES vq = 2 + ( 3 h 
3Q 
Gyrz 








Gyez 211 (1 ~) h2 
r 
3 3vq) + 2vqz 
2h z h3 







Gyre = z 
Substituting equations (9) into (8) yields 
3(l+v)Q 1 2 3(l+v)Q 12z 2 EK = r (1 ~) r (1 ) hI - -r h h2 h2 h2 
12M 12vMe 3vq 6vqz 2 • r + + 
- Ektl'.T h3 h3 2h h3 
3(l+v)6e 2 3(l+v)Q 2 
EKe (1 ~) + r (1 ~) = - -rh h2 rh h2 
( 10) 
12Me 12vM 3vq 6vqz 2 • + r + 
- Ektl'.T 
h3 h3 2h - h3 
3(l+v) 2 6r Qe EK = (1 - ~) (- + Ql - -) re 2h h2 r e r 
3(l+v)Qe 2 ( 1 - 12 Z ) hI 
2h2 h 2 
where the dots, primes and small 0 1 S indicate partial 
differentiations with respect to z, r and e respectively. 
Combining equations (5) and (10), letting w represent the 
deflection of the middle surface (z = 0) and then including 
the result of equations (3), we obtain,coupled with the 
three plate equilibrium equations, the final form of the 
six partial differential equations which govern the 
Reissner-Goodier theory of circular plates 
ll 
<3M <3M M - Me r + re + r Qr ar = rae r 
<3M 
re a Me 2M re + + = Qe ar rae r 





D ( 1 +v) ktllT 
vqh 2 h2 aoe h2 w wee 
Me + 8(1-v) - 4r ae 4r Qr = - D (.2 + -2- + vw ) r rr 
r 
• 
- D (l+v) ktl:.T 
h2 <3Q aoe Qe w we 
M - 8 C ra~ + ar - r-l = - D (1-v) (~ 2) re r 
r 
Note that only Mr' Me and Mre appear in the left side of 
the last three equations in the classical theory. 
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IV. SOLUTION OF THE GOVERNING EQUATIONS 
4.1 Introduction 
The variables in equations (11) can be separated if 
the loads, displacements and internal force resultants 
are represented by appropriate Fourier expansions. If 
these can be represented in a form with sine or cosine 
functions in the tangential direction combined with power 
series in the radial direction, equations (11) can be solved 
in closed form rather than by infinite series. The follow-
ing procedure is similar to that of Lehnhoff [1]. 
4.2 Reduction of the Six Coupled Governing Partial 
Differential Equations 
If the loads, forces and moments can be expanded in 
Fourier series, then they can be written as 
00 
q(r,e) = 2: 
m=O 
00 




Me = 2: N 
m=O m 
00 
Qr = 2: Qm 
m=O 
00 









cos me + 2: 
n=O 
00 
me + 2: M* 
n=O n 
00 
me + 2: N* 
n=O n 
00 
me + 2: Q* 
n=O n 
= 
















00 00 M = l: s sin me + l: s * cos ne re 
rn=O rn n=O n 
00 00 
w = l: w cos me + l: W* sin ne 
m=O m n=O n 
where 
1 27T p = - J q(r,e) cos me de = P (r) m 7T m 
0 
1 27T P* = - J q(r,e) sin ne de P* ( r) n 7T n 
0 
etc., are the Fourier coefficients 
Since the governing equations are linear partial 
differential equations, the solutions for the symmetric 
and unsymmetric parts can be sought separately. Using 
the general terms of the Fourier expansion, the solution 
of equations (11) can be sought separately for 
p = p cos me p P* sin ne 
m n 
M = M cos me M = M* sin ne 
r m r n 
Me = N cos me Me = N* sin ne m n 
Qr = Qm cos me ( 14-a) Qr = Q* sin ne (14-b) n 
Oe = T sin me Oe = T* cos ne m n 
M = s sin me M S* cos ne re m re n 
w = w cos me w = W* sin ne 
rn n 
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Substituting equations (14-b) into equations (11) 
yields the governing equations for unsymmetric loading: 
Q* nT* 
Q* I + n n P* 
n r r n 
nS* M* N* 
M*l n + n n Q* - -- - - = n r r r n 
nN* 2S* 
S*l + n + n T* -- -- = n r r n ( 15) 
vh 2 h2 vW* 
1 2 * vn W 
M* + P* Q*l D (W*" + n n) 4 = -n 8(1-v) n n n r 2 
r 
D (l+v)kt 








+ + 4r - 4r Q~ = n 8(1-v) n n 
W*l n 2w* D (l+v)kt 
• 
D (vW*" + n 2n)- (6T) - --- sin ne n r 
r 
h2 nQ* T* W*l W* 
S* 8 ( _____g + T*l _!2.) = - D (1-v)n (~ ~) n r n r r 2 r 
Since the process for seeking the solution of the 
unsymmetric part is the same as the symmetric part, only 
the process for solving the symmetric part will be dis-
cussed in detail. The solution for the unsymmetric part 
can then be found by analogy. 
Substituting equations (14-a) into equations (11) 
yields the governing equations for the symmetric loading: 
15 
Qm mT Q' + + m p = 
m r r m 
mS M -N 
M' + m + m m Qm = m r r 
mN 2S 
S' m + m T 
- --
= 
m r r m 
(16) 
vh 2 h2 vW' 
2 
vm w 





vh 2 mh2 h2 D (l+v) kt • N + 8(1-v) p 4r T 4r Qm = - (l:.T) m m m cos me 
W' m2w 
D(VW" + m m) -
m r 2 
r 
h2 mQ T W' w 
s (- m + T' m D(l-v)m (- m + ~) - 8 - -)= -m r m r r 2 
r 
M , N and S can be eliminated by substituting the last 
m m m 
three into the first three of equations (16). Substituting 




= D{ W"' + m 
m r 
D ( l+v) kt a • 
+ cos m8 ar [~T] 
16 
(17) 
Substituting the last two of equations (16) into the third 
gives, after simplification, 
mh2 Q' 3mh
2 
Q + h2 T" + h2 T' h2 (2m2+1) T sr - 8 8r - --2 m 8r 2 m m m 8r m 
2 W" W' m2w 
vh m p m m m] T + = Dm [-- - + m 8(1-v)r m r 2 3 
r r 
Dm ( l+v) kt • 
( ~T) ( 18) r cos m8 
Combining the first of equations (16) and equation (17) 
we obtain, after simplification, 
h2 Q" + 3h
2 
Q' + (l-m
2 )h 2 Q - Q - h2 P' + h2 p 8 m 8r m 8r 2 m m 8(1-v) m 4r m 
W" (m2+1) 2m 2 D(l+v)kt () • D [W"' + m W' + W] + (fiT) = 
-3- m8 Clr m r 2 m m cos 
r r 
(19) 
Combining the first of equations (16) and equation (18) 
we obtain, after simplification, 
h 2 r 2 h 2r 1 2 2 2 Q'"+ Q"- [h (m -1) + 8r] Q' 
8m2 m 2mr m 8m2 m 
l 2 2 2 h 2 r 2 
2 [h (1-m ) + 8r ] Q + P" + 8rm m 8m2 m 
W' 
= D[W" + m 
m r 
D(l+\))kt • 
+ cos me ( ~T) 
Differentiating equation (20) with respect to r, and 
substituting equation (19) yields 
6 [ 5-2m 2 ~] [2m~+l 24 Q"" + - Q"' + Q" - + 
h 2 r 
J Q' m r m 2 h2 m m r r 
2 2 2 
+ [B(m -1) + (m -1) ] Q 
h2r2 4 m r 
5 2 ~] + [~ + 2 p'" - P" + m -3 + P' 2~ 1 p = [ 2 m r m h2 m h 2 r m r r 
17 
( 2 0) 
( 21) 
Normalizing the above equation by defining the nondimen-
. l l h r H h d 212 h · h s1ona engt s R = a' = a an a = ~ , w ere a 1s t e 
outside radius of the plate, equation (21) becomes 




2 -2 2 + [a(m -3)R + aa ] P' 
m 
( 2 2) 
where the primes denote differentiation with respect to 
the nondimensional radius R. 
4.3 Process of Solution 
Equation (22) is the key to the solution of all the 
unknown Fourier coefficients Mm' Nm' Qm' Tm' sm and Wm. 
Once Q is solved, the others can also be found by sub-
m 
stituting Q back to equations (20) and (16) (in normal-
m 
ized form) . 
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The solution of equation (22) for P = ~ d. Ri-l 
m i=i 1-l,m 
where d. 1 is a constant, is 1- ,m (see Lehnhoff [1], pp. 22-
2 4) 
= C R-l I + C R-l K + c
5 
R-m-l 0 m 3 , m m 4 , m m , m 
( 2 3) 








(i+l) ad. 1 1- ,m 
m
2 (i+l) 2 
I = I ( aR) is the modified Bessel function of the 
m m 
first kind. 
K = K ( aR) is the modified Bessel function of the m m 
second kind. 
The next step is to utilize the solution of Q to 
m 







h 2r Q"' + Q" 
m 2m2 m 
P" 
m 
3h 2 r 1 2 2 2 2 + P' - [h m (~) + 8r ] P } 
8m2 m 8m2 1-v m 
cos me 
( l+v) k t • 
( t,T) 
r Normalizing equation (24) by letting R = 
a 
2/2 
a = H yields 
W" 
m 
+ m-2 -2 2 -1 [a (m-l)R -R] Q 
m 
+ -2 -2 R2 a am 
I H = h and 
a 
2 
a ( l+v)k t • 
(t,T) 
cos me 









( 2 4) 
( 2 5) 
( 2 6) 
Substituting equations (23) and (26) into equation (25) 
yields 
20 
( 2 7) 
where 












i=l 1 ,m 




a v.. 1-v 
i-1 R -
2 
a (l+v)kt • 
(t.T) 
cos me 
in which b. = 1,m 




i=l 1 ,m 
00 
2: d. 
i=O 1 ,m 
The homogeneous part of equation (26) is an Euler type 
equation 
which can be solved by the substitution We= Rj. The 
m 
complementary solution is 
We = C Rm + C R-m 
m l,m 2,m 
( 2 8) 
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A particular solution can be found by the method of 
"variation of parameters." This solution combined with 
the complementary solution yields the complete solution: 
W = C Rm + C R-m + 















From the first of equations (16) we find 
Q' + R-l Q + mR-l T 
m m m 
= aP 
m 
Utilizing equation (23) we find that 
T = Rm-l [-Q' - R-l Q - aP ] 
m m m m 
4Dm( l+m) 
( 2 9) 
i 
amd. 1 R 1- ,m 
- R-1 K ] + C R-m-1 - C Rm-1+ ! 
m S,m 6,m i=l (i+l) 2 -m2 
(30) 
From equations (16), (23) and (29) the rest of the general 
Fourier coefficients are found to be 
M = 
m 
D (W" + vR- 1W' 
- 2 m m 
a 
-2 -m-2 + c 2 [-Da m (m+1) (1-v)R ] ,m 
D(1+v)kt • 
cos me ( t.T) 
-2 -2 -1 
+ c 4 ,m {2a a [(m-1)R Km- aR Km+ 1 J} 
1 -1 -m 
+ c5 {- -4 am [v(m+2)-(m-2) ]R ,m 
-2 -m-2 
- 2a a (m+1)R } 
1 -1 m 
+ CG,m {4 am [(m+2)-v(m-2)]R 





+ a a 
[vm2-(i+3) (i+2+v)] d. Ri+1 
[ (i+1 ) 2_m2] [ (i+J) 2_m2] 1-1,m 
oo v(i+1-m2 ) i-1 
L.: 2 2 d. 1 R 
i=1 (i+1) -m 1 - ,m 
2 
D ( 1-v ) kt 2 2 +1 • 




-2 -1 2 2 1 2 1 
va (1-v) a P + 2a- amR- T + 2aa- R- Q 









-2 m-2 [Da m(m-1) (1-v)R ] 
-2 -m-2 [Da m(m+1) (1-v)R ] 
{ -2 -2 -1 } 
- 2a a [(m-1)R Im + aR Im+1 l 
{ -2 -2 -1 } + C 4 , m - 2 a a [ ( m-1) R Km - aR Km+ 1 ] 
1 -1 -m 
+ c 5 {- -4 am [(m+2)-v(m-2) ]R ,m 
+ c6 
,m 
{! am- 1 [v(m+2)-(m-2)]Rm 4 
-2 m-2 
- 2a a (m-1)R } 
[m2-(i+3) (vi+2v+1)] Ri+1 





+ a a 






= a a 
= c 1,m 





-1 -1 -1 
+ 2aa m R Im+1 1 
-1 -1 -1 
-2aa m R Km+ 1 1 
-2 -m-2 a -m 
+ CS,m [-2a a(m+1)R + 4 (1-v)R ] 
2 ()() 
+ a m l: 
i=1 
2 -2 oo ivdi-1,m i-1 
+ a a m l: R 
i=1 (i+1) 2 -m2 
2 
D(1-v )kt 2 +1 • + [(1-m)Rm- f R-m (~T) dR 2 cos me 
24 
( 3 3) 
25 
Equations (23), (26), (29), (30), (31), (32) and (33) are 
the general coefficient equations for plates with both 
thermal and externally applied lateral loads. 
26 
4.4 Solution When m = 0 and m = 1 in the General Coeffi-
cient Equations 
It is observed in equation (29) that for the cases 
m = 0 and m = 1 the solutions represented by equation (29) 
and other general coefficient equations fail, therefore 
they must be considered separately. 
A. When m = 0 
In the case of uniform or constant load, rn = 0, 
and Po = do = P, and equations (12) and ( 13) become 
Po = do = p 
M = Mo r 
( 34) 
Equations (11) become after inserting (34) and normalizing 
by letting R = r/a, H = h/a and a = 212/H 
M' + M R-l 
0 0 
2 
va d 0 
2 
a (1-v) 
-2 2aa o0 = 
• 
- D(l+v)kt (L'IT) 
( 35) 
2 
va do -2 -1 
N0 + 2 - 2aa R o0 = a ( 1-v) 
• 
- D(l+v)kt (6T) 
Substituting the last two of equations (35) into the 
second and using the derivative of the first gives 
Q 
0 
= - D a- 3 ( W"' + R -lw rr 0 0 
R-2W') D(l+v)kt 8 • 




Substituting equations (36) and (37) into the first of 
equations (35) yields 
2 8 2 • 1 d • 




( 3 7) 
( 3 8) 
which is identical to the classical theory. The comple-
mentary solution can be found by substituting W~ = Rj and 
t R = e . Hence 




where A, B, C and F are constants. The particular solution 
may be divided into two parts. The lateral load part is 
found by substituting w~1 = xRg into equation (38). Thus 
4 
ad0R 
64D ( 40) 
The temperature part can be found by the method of "vari-
ation of parameters," which yields 
_ R 3 8 2 • _ R2 8 • 8R2 (~T) 8R (~T)] dR 
[R3 82 • + R2 d • 
- ( 9-nR) J 
8R2 
(~T) 8R ( ~T) ] dR 
+ R2 d2 • d • f [R ( 9-nR) 
8R2 
(~T) + ( 9-nR) 8R ( ~T) 
8 2 • d • 
+ R 8R2 (~T) + 8R (~T)] dR 
2 8 2 • d • 
- R (9-nR) j [R C1R2 (~T) + C1R (~T)] dR} ( 41) 
Thus, a complete solution is 
4 
WO =A+ B(tnR) + CR2 + FR2(£nR) +a dO R4 64D 
29 
a
2 (l+v)kt 2 • • 
+ 4 {j {R3 (tnR) 0 (liT) + R2 (tnR) 0 (l:.T) ~ ()R 
3 a2 • 2 d • 
- R --- (t.T) - R (t.T)] dR ()R2 ()R 
3 a2 • 2 d • 
- (tnR) f [R - (l:.T) + R "R (t.T)] dR ()R2 a 
2 a2 • a • + R j {R(tnR) (liT) + (tnR) "R (liT) ()R2 a 
a2 • a • 
+ R oR2 (l:.T) + ()R (l:.T)] dR 
2 a2 • d • 
- R (£nR) f [R --- (liT) + "R (liT)] dR} ()R2 a (42) 
The other unknowns can be found by substituting equation 
(42) into equation (36) and the last two of equations 
(35). Hence, 
3 1 ad 0 Q = - 4Da- R- F - R 0 --2- ( 4 3-a) 
+ {- Da- 2 [v+3+2(1+v) (9-nR) - 8a.- 2 R- 2 ]} F 
2 a.- 2 (v+3) R2] 
a do 1-v + 16 
D(1+v)kt 
4 
a2 • a • 
+ 2(1+v) j [R(9-nR) --- (6T) + (9-nR) ~R (6T)] dR 
C3R2 o 
30 
(32 • d • 
- [2 (1+v) (.Q.nR) + (1-v)] j [R C3R2 (6T) + oR (6T)] dR 
• 








+ 2(l+v) j [R(£nR) --- (6T) + (£nR) 
8R2 
d • 
dR (6T)] dR 
82 • d • 
- [2(l+v) (£nR) - (1-v)] f [R 
8
R2 (6T) + dR (6T)] dR 
• + 4 (6T)} (43-c) 
B. When m = l 
In this case, the process of solution should 
also be repeated. It is shown (see Lehnhoff [1], p. 32-33) 
that the solution of the Qm=l equation does not change but 
the Wm=l equation has a different coefficient for the 
constant c 5 , 1 when compared with the general coefficient 
equation (29). The results are 
-2 -3 -1 -1 Ml = [-2Da (1-v)R ] c 2 ,l + (2a aR I 2 ) c 3 ,l 
-1 -1 -2 -3 
+ (-2a aR K2 ) c 4 , 1 + [-4a aR 
1 a(l+v)R-l] C + [a (3+ )R] C 
- 2 5,1 4 v 6,1 
+ a2 ! [v-(i+3) (i+2+v)] di-l 
1 
Ri+l 
i=l i(i+2) 2 (i+4) I 
2 





D(l-v )kt 2 2 • + [-2R- jR (6T)dR] 
a i=l i+2 2 cos e 
(44-a) 
32 
-1 -1 -2 -3 a -1 
+ (2a aR K2 ) c 4 , 1 + [4a aR - 2 (1+v)R ] c 5 , 1 
a 




[1-(i+3) (vi+2v+1)] Ri+1 
2 dl.-1,1 i (i+2) (i+4) 
+ a
2
v ~ (i+1) d Ri-1 
--2- ~ (" 2) l"-1,1 
a i=1 1 + 
(44-b) 
R-1 I -1 -2 = c3,1 1 + c4,1 R K1 + cs,1 R + c6,1 
00 




-2 oo di-1,1 R 





= -2 -3 -1 -1 [-2Da (1-v)R ] c 2 ,l + (-ai1 + 2aa R I 2 ) c 3 ,l 
00 2 
2: 
(i+2) (1-v)di-l 1 Ri+l 
' + 
i(i+2) 2 (i+4) 
a v oo 
-2- l: 
i=l 
3 3 4 
+ (-a R ) C a (2-v) 






00 i-1,1 2: 
i=l i(i+2) 2 (i+4) 












( 4 4-f) 
If unsymmetric loading is applied to the plate, the 
solutions can be found by analogy. If equations (15) for 
unsymmetric loading are solved in the same manner as 
equations (16) for symmetric loading, equations identical 
in appearance to equations (22) and (25) are obtained 
34 
(with all m's replaced by n's and all quantities starred). 
The solutions for equations (15) can then be found by 
replacing all m's in the solutions for symmetric loading 
by n's, and replacing cos me by sin ne for M , N , Q and 
m m m 
W , and replacing sin me by (-cos ne) for T and S . 
m m m 
After all the coefficients in equations (13) are 
found, the solutions for both symmetric and unsyrnmetric 
loadings can be superimposed to find the complete solu-
tion for a circular plate with general loadings. 
V. APPLICATION OF THE THEORY 
5.1 Introduction 
Practically every kind of load which can be solved 
by classical theory can also be solved by the Reissner-
Goodier theory. In a number of cases when the loads 
35 
can be expressed in a form which is a combination of sine 
or cosine functions in the tangential direction and a 
power series in the radial direction, the solution can be 
found in closed form. Application of this theory to 
circular plates with externally applied lateral loads 
was described by T. F. Lehnhoff [1]. 
In this chapter, the application of this theory to 
circular plates with thermal loading only is shown. The 
temperature change used in the example problem was 
suggested by Forray and Newman [2). Comparisons of the 
results of this problem solved by classical theory and 
Reissner-Goodier theory are shown via nondimensional 
curves. 
5.2 Formation of the Example Problem 
Circular plate-like Bulkheads in air and space vehicles 
are subjected to temperature distributions which are 
rotationally unsymmetric and vary through the thickness of 
the plate. A typical temperature distribution in such 
plates may be approximated by 
T = T0 (r,e,t0 ) + zT1 (r,e,t) ( 4 5-a) 
36 
The first term gives rise to a plane stress or slab 
problem which will not be discussed here. The second 
term zT 1 (r,e,t) gives rise to a bending problem. It 
is the purpose of this chapter to consider the deflection, 
moments and shear forces due to such a linear thermal 
gradient through the thickness when the temperature 
distribution is arbitrary over the planform, e.g., 
L'IT = zT 1 ( r , e , tO ) = (- z /h) T D ( r , e ) ( 4 5-b) 
where h is the plate thickness and TD is the temperature 
difference between the upper and the lower faces of the 
plate. Utilizing the Reissner-Goodier theory, a detailed 
solution for a solid circular plate with the outer edge 
clamped and subjected to this type of temperature dis-
tribution will be given. 
It is assumed that (l+v)kt TD/h can be expressed in 
the form of a Fourier series 
(l+v)kt 00 ()() k 
TD = L: L: Akm r cos me h m=O k=O 
()() 00 k 
sin ne + L: L: Bkn r 
n=l k=O 
(46) 




sin ne Akm r cos + r ( 4 7) 
37 
Then, from equation (45) 
• llT = d ()z (llT) 
= 
1 k (l+v)kt [Akm r cos me + Bkn k r sin ne] ( 4 8) 
which is composed of two parts; a symmetric part with cos 
me and an unsymmetric part with sin ne. Solutions of 
these two parts can be sought separately, and then added 
to form the complete solution. Since the solution for 
the unsymmetric part can be found by analogy to that of 
the symmetric part, we assume that, for convenience, only 
a symmetric temperature distribution is applied to the 
plate, i.e., 
• llT = 1 (l+v)kt 
co k 
2: Akm r cos me 
k=O 
( 49) 
5.3 Reduction of the General Coefficient Equations for 
Plates with Pure Thermal Loading 
Since there is no externally applied lateral load 
applied to the plate under consideration, the general 
coefficients represented by equations (23), (26), (29), 





2: d. l R l- ,m i=l = 0 (50) 
which indicates that d. 1 = 0 in all other coefficient 1- ,m 
equations, and 
M = Cl [-Da- 2m(m-l) (1-V)Rm- 2 ] 
m ,m 
-2 -m-2 
+ c 2 [-Da m(m+l) (1-v)R ] ,m 
+ c 3 {2a-
2 a [(m-l)R-2 I 
,m m 
-1 
+ aR Im+l]} 
+ C4 {2a-
2 a [(m-l)R-2 K 
,m m 
-1 





{-1 am-l [v{m+2)-(m-2)]R-m 
4 
-2 -m-2 
-2a a(m+l)R } 
1 -1 m { 4 am [{m+2)-v{m-2)]R 
-2 m-2 +2a a(m-l)R } 
38 
N = c1 [Da-
2
m(m-1) (1-v)Rm- 2 ] 
m ,m 
-2 -m-2 + C 2 [ D a m ( m+ 1) ( 1-v) R ] ,m 
+ c 3 {-2a-
2a [(m-1)R-2 I 
,m m 
-1 
+ aR Im+ 1 ]} 
+ c
4 
{-2a-2 a [(m-1)R-2 K 
,m m 
-1 
- aR Km+ 1 ]} 
+ cs 
,m 
{-! am- 1 [(m+2)-v(m-2) ]R-m 
4 
1 -1 m 
+ c6 ,m { 4 am [v(m+2)-(m-2)]R 
-2 m-2 
-2a a(m-1)R } 
cos me 
C R-1 -1 = I + c4 R K + C5 3,m m ,m m ,m 








+ C R-m-1 - C Rm-1 
5 ,m 6 ,m 
S = c 1 [Da-
2m(m-1) (1-v)Rm- 2 ] 
m ,m 
-2 -rn-2 
+ c 2 [-Da m(m+1) (1-v)R ] ,m 
+ c 3 [-2aa-
2 (m-1)R- 2 I - arn- 1 I 
,m m m 
-1 -1 -1 
+2aa rn R Im+1 J 
+ c 4 [-2aa-
2 (m-1)R- 2 K - arn- 1 K 
,m rn m 
-1 -1 -1 
-2aa m R K 1 ] rn+ 
-2 -m-2 a -m 
+ c 5 ,rn [-2a a(rn+1)R + 4 (1-v)R ] 
2 
D ( 1-v ) kt 2 +1 • + [(1-rn)Rm- j R-m (6T)dR 
2 cos me 
40 
(54) 
- (1+rn) R-m- 2 f Rrn+ 1 (6;.) dR] (55) 
41 
c a3R-m+2 c a3Rm+2 
w = c Rm + c R-m + 5 ,m 6 ,m m 1 ,m 2 ,m 4Dm( 1-m) 4Dm( 1-m) 
2 
a (l+v)kt [Rm f R-m+l • 
2m cos me (liT) dR 
R-m J Rm+l • 
- ( L':.T) dR] (56) 
With the boundary conditions and temperature distributions 
known, the constants in equations (51) through (56) can 
be found and the complete solution can be found by sub-
stituting the Fourier coefficients back into equations (13). 
5.4 Solutions of the Example Problem 
For this particular temperature distribution the 
cases for k+2-m = 0 and k+2-m ~ 0 should be considered 
separately since a term (k+2-m) appears in the denominator 
when performing integrations in the coefficient equations 
(51) through (56). 
A. Case I, k+2-m ~ 0 
Upon substitution of the temperature term as 
indicated in equation (49), i.e., 
• 1 00 k liT - - ~ A r cos me and performing the 
- (l+v)kt k=O km ' 
integrations, the coefficients represented by equations 
(51) through (56) become 
M = c1 [-Da-
2
m(m-1) (1-v)Rm- 2 ] 
m ,m 
+ C2 [-Da-
2m(m+1) (1-v)R-m- 2 ] 
,m 
+ c 3 {2a-
2a[(m-1)R- 2 I 
,m m 
-1 
+ aR Im+ 1 ]} 




- aR Km+ 1 J} 
1 -1 -m 
+ c 5 ,m {-4 am [v(m+2)-(m-2) ]R 
-2 -m-2 
-2a a(m+1)R } 
1 -1 m 
+ c 6 ,m { 4 am [(m+2)-v(m-2) ]R 
-2 m-2 +2a a(m-1)R } 
00 
L: 
k k 2 AkmD(1-v)a R (m -k-2) 
k=O (k+2) 2 -m2 
N = c 1 [Da-
2m(m-1) (1-v)Rm- 2 ] 
m ,m 
-2 -m-2 + c 2 [Da m(m+1) (1-v)R ] ,m 
-2 -2 -1 
+ c 3 ,m {-2a a[(m-1)R Im + aR Im+1 ]} 
-2 -2 -1 
+ c 4 ,m {-2a a[(m-1)R Km- aR Km+ 1 J} 
42 
(57) 
1 -1 m 





-2a a(m-1)R } 
AkmD(1-v)akRk(k 2+3k+2) 
(k+2) 2 -m2 
Qm = C R- 1 I + C R-1 K + C R-m- 1 3,m m 4,m m 5,m 
T 
m 










S = C [Da- 2m(m-l) (1-v)Rm- 2 ] 
m l,m 
+ c2 [-Da-





- am I 
m 
-1 -1 -1 
+2aa m R Im+l] 
+ c 4 [-2aa-
2 (m-l)R- 2 K - am-l K 
,m m m 
-1 -1 -1 
-2aa m R Km+l] 
-2 -m-2 a m 
+ cs 
,m 
[-2a a(m+l)R + 4 (1-v)R- ] 




k k AkmD(l-v)a R m(k+l) 
(k+2) 2 -m2 
C a3R-m+2 
W = C Rm + C R -m + _S=-',_m--,--=--___,--





(k+2) 2 -m2 
4Dm( 1-m) 
For a solid circular plate with the outer edge 
clamped, the boundary conditions are taken to be 




( 6 3) 
45 
at R = 1 or r = a, w = 0 (64) 
and using the average shear strain rather than equations ( 9) 
dw 1 dw 2(1+\J)Q 
at R 1 r (65) = or r = a, dr = - dR = a HaE 
Note that these boundary conditions are for the medium plane. 
Equation (65) indicates that the slope at a fixed boundary 
is equal to the shearing strain if the Reissner-Goodier 
theory, which takes into consideration the shear deforma-
tion, is used. This is in contrast to the familiar zero 
slope at a fixed boundary in the classical theory of plates. 
By using the boundary condition of equation (63) we 
find from equations (57), (58) and (61) that 
c = c = c 2,m 3,m 4,m c = 0 5,m (66) 
and applying equations (64) and (65), the boundary con-
ditions and equations (59) and (66) to equation (62) 
yields the following simultaneous equations: 
A ak+2 3 c 6 a 0 = C - ,m l,m 4Dm( l+m) + 1; __ k_m---..~-=-k=O(k+2)2-m2 
HaE 
1 (m+2)a3c6,m 







( 6 7) 
( 6 8) 
46 
Solving equations (67) and (68) for the unknown constants 
c 1 and c 6 leads to the following results: ,m ,m 
00 k+2 
c = 2:: Akm a l,m k=O 
2 (k-m) _ 2H m ( l+m) 
{ 3(1-v) } 
2 
2 [l+H m(l+m)] [ (k+ 2 ) 2_ 2] 3(1-v) m 
c 6 ,m 
oo k-1 { 2Dm(l+m) } 
= k ~ 0 Akm a ------:2__.-----'----'-----
[ l+H m(l+m)] [k+ 2+ ] 3(1-v) m 
Substituting the constants of equations (66), (69) and 
(70) into the general coefficient equations expressed 
(69) 
(70) 
by equations (57) through (62) and then substituting the 
results back into equations (13) yields the nondimen-
sional moments, shear forces and deflection in the follow-






(k-m) _ 2H m ( l+m) 
{ 3 (l-v) [-m(m-1) (1-v) ]Rm- 2 
2 
+ 2m ( l+m) k+2-m) 
H2m(l+m) 1 + 3(1-v) 
2 [l+H m(l+m)] 3(1-v) 
1 -1 m [ 4 m ((m+2) -v (m-2 ))R 
+2a- 2 (m-l)Rm- 2 ] 
2 k 
- (1-v) (m -k-2)R } cos m8 (71-a) 
M e 1 
47 
(k- ) 2H2 rn ( 1+m) 
---:- = k 
AkmDa (k+2) 2 -m2 
{ m 3(1-v) 
2 
rn-2 [m (m-1) ( 1-v) ] R 
2 [1 +H m(1+m)] 3(1-v) 
+ 






-2a (m-1) R ] 
k 
+ (1-v) (k+1) (k+2) R } cos me (71-b) 
= 
1 
2 2 (k+2) -m 
2 (k- ) 2H m(1+m) 
{ m 3(1-v) 
2 
2 [1 +H rn(1+m)] 3(1-v) 
m-2 [m (m-1) ( 1-v) ] R 
2m(1+m) (k+2-m) [ 2 a-2 (m-1 ) Rm-2 + (1-v) Rrn] 2 4 
1 H m(1+m) + 3(1-v) 
+ (1-v)rn(k+1)Rk}sin me (71-c) 
= 
2m(1+m) (k+2-rn) rn-1 ----~2~~~~----~----- R cos me (71-d) [1+H_m(1+m)] [(k+2 )2-m2] ~(1-v) 
-2m(1+m) (k+2-rn) rn-1 --~2~~~~~--~------ R 
[1 +H m(1+m)] [ (k+2 ) 2_m2] 3(1-v) 
sin me (71-e) 
----!.w,._-:-::=- = 
A k+2 kma 
1 
(k+2) 2 -m2 
2 (k-m) _2H m ( l+m) 
{ 3(1-v) 
2 
2 [l+H m(l+m)] 3(1-v) 
48 
k+m-2 Rm+2 + Rk+2} cos m8 
2 (71-f) 
2 [ 1 + H rn ( 1 +rn) ] 3 (1-v) 
B. Case II, k+2-m = 0 
Using equation (66), after substitution of the 
temperature term as indicated in equation (49) and per-
forming integrations for k+2-m = 0, the general coeffi-
cient equations (51) through (56) become: 
M = c 1 [-Da-









-2 m-2 +2a a(m-l)R } 
m-2 [2m(m-l) (X'.nR) -(m+l) ]R 
-2 m-2 
= Cl [Da m(rn-1) (1-v)R ] 
,m 
1 -1 rn 
+ c6 ,m {4 am [v(m+2)-(m-2)]R 
-2 m-2 





4m [2m(rn-l) (£nR) + (3rn-l) ]Rrn-
2 
k=O 






S = c 1 [Da-
2rn(m-l) (1-v)Rrn- 2 ] 
m , rn 




[(1-rn) (£nR) - (l+rn) (~rn)]Rm- 2 
C a3Rm+2 
W = C Rm - ~6~,~m~~~-




Again, applying the boundary conditions represented by 
49 





equations (64) and (65) to equation (77) yields the follow-
ing two simultaneous equations: 
3 c 6 a 0 = C - ,rn 1 , m 4 Dm ( 1 +m) (78) 
50 
2(l+v)c6 ,m l (m+2)c6 a
3 
[ ' m oo m l 
=a mcl,m- 4Dm(l+m) + I Akm a (4m)J 
k=O HaE 
(79) 
Solving equations (78) and (79) for the unknown constants 
c 1 and c 6 leads to the following results: ,m ,m 
c = l ,m 
c = 6 ,m 
2 
oo m 
I Akm a 
k=O 
(m+l) +H m(l+m) 





4m2[l+H m(l+m)] 3(1-v) 
m-3 Akm a D (l+m) 
2 l+H m ( l+m) 
3(1-v) 
Substituting the constants of equations (80) and (81) 
(80) 
( 81) 
into the general coefficient equations (72) through (77), 
and then substituting their results back into equations 
(13) yields the nondimensional moments, shear forces and 
deflection in the following closed form: 
M 
r l 
= 4 m { [ ( m+ l ) -
2 (m+l) +H m(l+m) 
3(1-v) m-2 ----~2~------~(m-l)] (1-v)R l+H m ( l+m) 
3(1-v) 
+ 
( l+m) m -2 m-2 [((m+2)-v(m-2))R + 8ma (m-l)R ] 2 l+H m(l+m) 
3(1-v) 
- 2m(m-l) (1-v) (£nR) Rm- 2 } cos m8 (82-a) 
51 
2 ( rn+ 1 ) + H rn ( 1 +m) 
1 
= 4m {[(3m-l) + 
----=-~3~(~1--v~)-(rn-1)] (1-v)Rm-2 
2 
l+H m ( l+rn) 
3(1-v) 
(l+m) m -2 m-2-[(v(m+2)-(rn-2))R -8ma (rn-l)R ] + 2 
l+H m(l+m) 
3(1-v) 
+ 2rn(m-l) (1-v) (~nR)Rrn- 2 } cos me ( 82-b) 
2 
1 
= 4m {[(m+l) + 
(m+l) +H m ( l+m) 
----=---3~(_1_-_v~)-(m-1)] (1-v)Rm-2 
2 
l+H m ( l+rn) 
3(1-v) 
- m[ (l+m) ] [8a- 2 (rn-l)Rrn- 2 + (1-v)Rrn] 
2 
l+H m ( l+m) 
3(1-v) 
m-2 













( 82 -e) 
w 
2 (m+l) +H m ( l+rn) 
= {[ 3(1-v) 
2 
4m2 [l+H m(l+m)] 3(1-v) 




------::2~----} cos m8 ( 82-f) 
4m[l+H m(l+m)] 3(1-v) 
Numerical values of equations (71) and (82) for 
m = 3, k = l and k = 2 have been evaluated by digital 
computer. They are shown by nondimensional curves in 
Figures (3-12). 
The numerical results of this same problem solved 
by the classical theory are also shown in these figures 
for comparison. 
Per cent differences for maximum radial bending 
moment and deflection as a function of the plate thickness 
are shown in figures (13) and (14). 
5.5 Reduction of the Results of the Reissner-Goodier 
Theory to Those of the Classical Theory for the 
Example Problem 
For this partical example it is seen that the results 
of the Reissner-Goodier Theory are functions of the plate 
thickness. In equations (71) and (82), if H becomes 
small (i.e., the thickness-to-radius ratio of the plate 
is small) compared with other quantities, these equations 
can be reduced to the following forms which are identical 
to the results obtained from the classical theory of 
-2 H2 2 plate. (Note that a = g- and H are very small.) 




k+2-m m + (m+l)( 2 )[(m+2)-v(m-2)]R 
2 k 
- (1-v) (m -k-2)R } cos me 
= 1 {m(m-1) (k-2m) (1-v)Rm-2 
(k+2) 2 -m2 
+ (m+l) (k+2-m) 
2 
m [ v ( m+ 2) - ( m- 2) ] R 
k 
+ (1-v) (k-1) (k-2) R } cos me 
= 
(1-v) [m(m-l) (k-m)Rm-2 
2 2 2 (k+2) -m 
= 2m(m+l) (k+2-m) Rm-1 cos me 






m-1 R sin me 
w ---'-'-~-- = 
A k+2 kma 
+ Rk+ 2 J cos me 
B. When k+2-m = 0 
M ---=r~ = !_ {-(m-2) (m+1) (1-v)Rm- 2 k 4m 
AkmDa 
+ (m+1) [(m+2)-v(m-2) ]Rm 
- 2m (m-1) (1-v) (inR)Rm- 2 } cos me 
m 
+ ( m+ 1 ) [ v ( m+ 2 ) - ( m- 2 ) ] R 








A k+2 kma 
m-1 
= (l+m)R cos me 
= -(l+m)Rm-l sin me 
1 m m+2 





For plates with other boundary conditions, it is expected 
that when the plate thickness-to-radius ratio is very 
small, the results obtained from the Reissner-Goodier 
theory will be very close to those of the classical theory. 
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VI. SUMMARY AND CONCLUSIONS 
6.1 Summary 
The derivation of the six coupled linear partial 
differential equations in Chapter III is an extension 
work of Lehnhoff [1]. These equations are applicable to 
small displacement studies of circular plates exposed to 
both externally applied lateral loads and thermal loads. 
Variations in plate thickness were considered first, 
and subsequently the equations were specialized to con-
sider flat plates with uniform thickness. 
In chapter IV, the set of six coupled linear partial 
differential equations was reduced to two sets of six 
coupled linear ordinary differential equations by using 
Fourier series to separate the variables. Each set of 
ordinary differential equations is manipulated algebraically 
to yield a fourth order ordinary differential equations 
in the unknown Q and a second ordinary differential 
m or n 
equation in W 
m or n 
The solution of these two equations 
is the key to the solution of all the governing equations. 
In finding the particular solution, the "variation of 
parameters" was used extensively. 
In chapter v, an example problem is solved in order 
to show the application of the Reissner-Goodier theory to 
a solid circular plate with the outer boundary clamped 
subjected to a temperature distribution. It is shown 
that the difference between the results obtained from the 
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Reissner-Goodier theory and those of the classical theory 
becomes more significant when the thickness-to-radius ratio 
(h/a) of the plate increases. Comparisons of the results 
of these two theories are shown in the figures. 
6.2 Conclusions 
The derivation and solution of the Reissner-Goodier 
theory of plates for small deflections is given in this 
study. It is expected that most of the engineering problems 
of circular plates subjected to common loadings (lateral 
and/or thermal) may be handled by this solution. 
The results of the example problem show that con-
sideration of transverse shear effects could be important, 
especially for plates with intermediate thickness. It 
is also shown that the results obtained from the Reissner-
Goodier theory approach those of the classical theory by 




r Q +-"'-dr r or 
ClM 
r M +-"'-dr r or 
Figure 1 Typical Plate Element 
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